Normal mode dynamics are ubiquitous in nature underlying the motions of diverse interacting systems from the behavior of rotating stars to the vibration of crystal structures. These behaviors are composed of simple collective motions of the N interacting particles which move with the same frequency and phase, thus encapsulating many-body effects into simple dynamic motions. In some regimes these collective motions are coupled by higher order effects and exhibit complex behavior, while in regimes such as the unitary regime for ultracold Fermi gases, a single collective mode can dominate, leading to quite simple behavior as seen in superfluidity. In this study, I investigate the evolution of collective motion as a function of N for five types of normal modes obtained from an L = 0 group theoretic solution of a general Hamiltonian for confined, identical particles. I show using simple analytic forms for the N -body normal modes that the collective behavior of fewbody systems, which have the well known motions of molecular equivalents such as ammonia and methane, evolves smoothly as N increases to the collective motions expected for large N ensembles (breathing, center of mass, particle-hole radial and angular excitations and phonon). Furthermore, the transition from few-body behavior (symmetric stretch, symmetric bend, antisymmetric stretch, antisymmetric bend and the opening and closing of alternative interparticle angles) to large N behavior occurs at quite low values of N . By N = 10, the behavior of these normal modes has clearly become the expected large N behavior that describes ensembles with 10 23 particles or more. I extend this investigation to a Hamiltonian known to support collective behavior, the Hamiltonian for Fermi gases in the unitary regime. I analyze both the evolution of the coefficients that mix the radial and angular symmetry coordinates in the expressions for the normal modes as well as the evolution of the normal mode frequencies as a function of N . Both quantities depend on interparticle interactions. This analysis reveals two phenomena that could contribute to the viability of collective behavior. First the coefficients that mix radial and angular coordinates in the normal modes go to zero or unity, i.e. no mixing, as N becomes large resulting in solutions that do not depend on the details of the interparticle potential as expected for this unitary regime, and that manifest the symmetry of an underlying approximate Hamiltonian. Second, the five normal mode frequencies which all start out close to the trap frequency for low values of N (N < 10) separate rapidly as N increases, creating large gaps between the normal modes that can, in principle, offer stability to collective behavior if mechanisms to prevent the transfer of energy to other modes exist (such as low temperature) or can be constructed. With the recent success using normal modes to describe the emergence of collective behavior in the form of superfluidity in ultracold Fermi gases in the unitary regime, understanding the character of these normal modes and the evolution of their behavior as a function of N has become of some interest due to the possibility of offering insight into the dynamics of regimes supporting collective behavior. In this study, I investigate both the macroscopic behavior associated with these N -body normal modes, as well as the microscopic motions underlying this behavior, and study the evolution of their collective behavior as a function of N .
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I. INTRODUCTION
Normal modes occur in every part of the universe and at all scales from nuclear physics to cosmology. They have been used to model the behavior of a variety of physical systems including atmospheres [1] , seismic activity of the earth [2] , global ocean behavior [3] , vibrations of crystals [4] , molecules [5] , and nuclei [6] , functional motions of proteins, viruses and enzymes [7] , the oscillation of rotating stars [8] , gravitational wave response [9] , black hole oscillations [10] , liquids [11] , ultracold trapped gases [12] , and cold trapped ions for quantum information processing [13] . Reflecting the ubiquitous appearance of small vibrations in nature, normal modes couple the complex motion of individual interacting particles into simple collective motions in which the particles move in sync with the same frequency and phase. Systems in equilibrium experiencing small perturbations tend to return to equilibrium if restorative forces are present. These restorative forces can often be approximated by effective harmonic terms that couple the N particles in these systems resulting in dynamics that can be transformed to that of N uncoupled oscillators whose collective coordinates define the normal modes. The power of normal modes lies in their ability to describe the complex motion of N interacting particles in terms of collective coordinates whose character and frequencies reflect the inter-particle correlations of the system, thus incorporating many-body effects into simple dynamic motions.
Higher order effects can be expanded in this physically intuitive basis of normal modes. If higher order (e.g. anharmonic) effects are small, these collective motions are eigenfunctions of an approximate Hamiltonian acquiring some measure of stability as a function of time; thus, a system in a single normal mode will have a tendency to remain in that mode until perturbed. Normal modes manifest the symmetry of this underlying approximate Hamiltonian with the possibility of offering analytic solutions to a many-body problem and a clear physical picture of the dynamics.
Confined quantum systems in the laboratory with N identical interacting particles have been shown to exhibit collective behaviors thought to arise from general and powerful principles of organization [14] [15] [16] [17] [18] . In a recent paper, collective behavior in the form of N -body normal modes successfully described the thermodynamic behavior associated with the superfluidity of an ultracold gas of fermions in the unitary regime [19] . Two normal modes, selected by the Pauli principle, were found to play a role in creating and stabilizing the superfluid behavior at low temperatures, a phonon mode at ultralow temperatures and a single particle radial excitation mode, i.e. a particle-hole excitation, as the temperature increases. This radial excitation has a much higher frequency and creates a gap that stabilizes the superfluid behavior. The two normal modes were found to describe the thermodynamic behavior of this gas quite well compared to experimental data.
These normal modes are the perturbation solutions at first order in inverse dimensionality of a first principle many-body formalism called symmetry invariant perturbation theory (SPT). This formalism uses a group theoretic approach for the solution of a fully interacting, many-body, three-dimensional Hamiltonian with an arbitrary interaction potential as well as a confining potential [20, 21] . Using the symmetry of the symmetric group which can be accessed at large dimension [22] , this approach has successfully rearranged the many-body work needed at each order in the perturbation series so that an exact solution can, in principle, be obtained order-by-order using group theory and graphical techniques, i.e. non-numerically [25] . Specifically, the numerical work has been rearranged into analytic building blocks that allow a formulation that does not scale with N [21, [23] [24] [25] [26] . Group theory is used to partition the N scaling problem away from the interaction dynamics, allowing the N scaling to be treated as a separate mathematical problem (cf. the Wigner-Eckart theorem). The exponential scaling is shifted from a dependence on the number of particles, N , to a dependence on the order of the perturbation expansion [26] . This allows one to obtain exact first-order results that contain beyond-mean-field effects for all values of N from a single calculation, but going to higher order is now exponentially difficult. The analytic building blocks have been calculated and stored to minimize the work needed for new calculations [27] . Since the perturbation does not involve the strength of the interaction, strongly interacting systems can be studied.
Initially applied to systems of cold bosons, my group has previously derived beyond-mean-field energies [22, 28] , frequencies [28] , normal mode coordinates [20] , wave functions [20] and density profiles [29] for general isotropic, interacting confined quantum systems of identical bosons. Recently I have extended this formalism to systems of fermions [19, [30] [31] [32] . I avoid the numerically demanding construction of explicitly antisymmetrized wave functions by applying the Pauli principle at first order "on paper" through the assignment of appropriate normal mode quanta [30, 31] . I have determined ground [30] and excited state [19] beyond-mean-field energies and their degeneracies allowing the construction of a partition function [32] .
Analytic expressions for these normal modes have been obtained in a previous paper, Ref. [20] . In Sections 5 and 6 of Ref. [20] , we discussed the symmetry of the N -body quantum-confinement problem at large dimension which greatly simplifies the problem, making possible, in principle, an exact solution of this N -body problem, with N (N − 1)/2 interparticle interactions order-by-order. In Section 7 we exploited this symmetry, deriving symmetry coordinates used in the determination of the normal modes of the system. We introduced a particular approach to derive a suitable basis of symmetry coordinates that builds up the complexity slowly and systematically. This is illustrated in detail for each of the five types of symmetry coordinates that transform under the five different irreducible representations for a system of N identical particles. In Section 8 we applied this general theory to derive in detail analytic expressions for the normal-mode coordinates.
These functions serve as a natural basis for the determination of higher order terms in the perturbation series, and they offer the possibility of a clear physical picture of the dynamics if higher order terms are small. One major advantage of this approach is that N appears as a parameter in the analytical expressions for the normal modes, as well as the energy spectrum, so the behavior of these modes can be easily studied as a function of N .
The quantum wave function yields important information about the dynamics of a system beyond that obtainable from the energy spectrum. Although explicit antisymmetrized wave functions are not currently obtained in this SPT formalism, the normal mode solutions at first order constitute a complete basis. Thus the character of the wave function may be revealed if a single normal mode is dominant since the normal modes have clear, macroscopic motions.
In this paper, I expand on our earlier discussion of these analytic normal modes, examining in detail the motion of individual particles as they contribute to the five types of normal modes for an N -body system of identical particles under quantum confinement. In particular, I study the evolution of collective behavior as a function of N from few-body systems to many-body systems, first making general observations and then choosing as a specific case the Hamiltonian for a confined system of fermions in the unitary regime which is known to support collective behavior. Finally in the Appendices, I present additional details of the derivation of these normal modes.
II. REVIEW OF THE N-BODY NORMAL MODE DERIVATION
In this Section, I briefly review the derivation of the normal modes that was presented in more detail in Ref. [20] as solutions to the SPT first order perturbation equation.
A. D-dimensional N-body Schrödinger Equation
The D-dimensional Schrödinger equation in Cartesian coordinates for a system of N particles interacting via a two-body interaction potential g ij , and confined by a spherically symmetric potential V conf is
where h i is the single-particle Hamiltonian and x iν is the ν th Cartesian component of the i th particle. Transforming the Schödinger equation from Cartesian to the internal coordinates is accomplished using:
(1 ≤ i < j ≤ N ) , which are the D-dimensional scalar radii r i of the N particles from the center of the confining potential and the cosines γ ij of the N (N − 1)/2 angles between the radial vectors.
A similarity transformation removes the first-order derivatives, while the second derivative terms drop out in the D → ∞ limit, yielding a static zeroth-order problem. First order corrections result in simple harmonic normal-mode oscillations about the infinite-dimensional structure.
The Schrödinger equation becomes [33] , (T + V ) Φ = E Φ where:
Γ is the Gramian determinant of the matrix with elements γ ij (see Appendix D in Ref [22] ), and Γ (i) is the determinant of the i th principal minor where the row and column of the i th particle have been deleted. The quantity r ij = r 2 i + r 2 j − 2r i r j γ ij is the interparticle separation. From Eq. (4), it is clear that all first-order derivatives have been eliminated from the Hamiltonian. The factor of κ(D) plays the role of an effective mass that increases with D, suppressing the derivative terms but leaving a centrifugal-like term in an effective poten-tial,
where δ = 1/D, and the particles become frozen at large D. We assume all radii and angle cosines of the particles are equal when D → ∞, i.e.r i =r ∞ (1 ≤ i ≤ N ) and γ ij = γ ∞ (1 ≤ i < j ≤ N ) wherer ∞ and γ ∞ satisfy:
resulting in a maximally symmetric structure. In scaled units the zeroth-order (D → ∞) approximation for the energy is:Ē ∞ =V eff (r ∞ ), while the centrifugal-like term inV eff , which is nonzero even for the ground state, is a zero-point energy contribution from the minimum uncertainty principle [34] .
C. The 1/D first-order energy correction
At zeroth-order, the particles can be viewed as frozen in a maximally symmetric, high-D configuration. Solving Eqs. (7) forr ∞ and γ ∞ yields the infinite-D structure and zeroth-order energy providing the starting point for the 1/D expansion. In order to determine the 1/D quantum correction to the energy for large but finite values of D, we expand about the minimum of the D → ∞ effective potential. A position vector of the N (N + 1)/2 internal coordinates is defined as:
The following substitutions are made for all radii and angle cosines:r i =r ∞ + δ . . .
. . .
the expression forV eff becomes:
where P = N (N + 1)/2 is the number of internal coordinates and
. The derivative terms in the kinetic energy have a similar series expansion:
where T is the derivative portion of the kinetic energy T (see Eq. (4)). Thus, determining the energy at first order is reduced to a harmonic problem, which is solved by obtaining the normal modes of the system. From Eqs. (10) and (11), G and F, both constant matrices, are defined in the first-order δ = 1/D Hamiltonian below:
D. FG Matrix Method for the Normal Mode Frequencies and Coordinates
The FG matrix method [35] is used to obtain the normal-mode vibrations and the harmonic-order energy correction. A review of the FG matrix method is presented in Appendix A of Ref. [20] , but a brief summary is given below.
The b th normal mode coordinate may be written as (Eq. (A9) Ref. [20] )
where the coefficient vector b satisfies the eigenvalue equation (Eq. (A10) Ref. [20] )
with the resultant secular equation (Eq. (A11) Ref. [20] ) det(FG−λI) = 0 . The coefficient vector also satisfies the normalization condition (Eq. (A12) Ref. [20] ) b T G b = 1 , and the frequencies are: λ b =ω 2 b (Eq. (A3) Ref. [20] ). In an earlier paper [22] , we solve these equations for the frequencies. The number of roots λ is equal to P ≡ N (N + 1)/2. However, due to the S N symmetry (see Ref. [36] and Appendix A), there is a simplification to only five distinct roots, λ µ , where µ runs over 0 − , 0 + , 1 − , 1 + , and 2, (see Refs. [22, 37] ). Thus the energy through first-order in δ = 1/D (see Eq. (15)) can be written in terms of the five distinct normal-mode vibrational frequencies [22] .
where E ∞ is the energy minimum as δ → 0, n µ is the total number of quanta in the normal mode with the frequencyω µ ; µ is a label which runs over the five types of normal modes, 0 − , 0 + , 1 − , 1 + , and 2 , (irrespective of the particle number, see Ref. [22] and Ref. [15] in [20] ), and v o is a constant (defined above and in Ref. [22] , Eq. 125). The multiplicities of the five roots are:
E. Symmetry of the F , G and F G Matrices
The large degeneracy of the frequencies indicates a very high degree of symmetry which is manifested in the F , G , and F G matrices which are P × P matrices. The S N symmetry of these matrices, whose elements are evaluated for the maximally symmetric structure at large dimension, allows them to be written in terms of six simple submatrices which are invariant under S N (See Ref [22] ). The number of r i coordinates is N and the number of γ ij coordinates is N (N − 1)/2 . These matrices are invariant under interchange of the particles, effected by the point group S N [22] .
We can thus write the F , G and F G matrices with the following structure:
The structure of these matrices results in highly degenerate eigenvalues and causes a reduction from a possible P = N (N + 1)/2 distinct frequencies to just five distinct frequencies for L = 0 systems.
F. Symmetry Coordinates
The F G matrix is invariant under S N , so it does not connect subspaces belonging to different irreducible representations of S N [38] . Thus from Eqs. (13) and (14) We define the symmetry coordinate vector, S as:
where the W γ ′ are the transformation matrices. This is shown in Ref. [20] using the theory of group characters to decomposer ′ and γ ′ into basis functions that transform under these five irreducible representations of S N .
The process used in Ref. [20] to determine the symmetry coordinates, and hence the W ᾱ r ′ and W α γ ′ matrices was chosen to ensure that the W matrices satisfy the orthogonality restrictions between different irreducible representations. This process also ensured that the sets of coordinates transforming irreducibly under S N have the simplest functional forms possible. One of the symmetry coordinates was chosen to describe the simplest motion possible under the requirement that it transforms irreducibly under S N . The succeeding symmetry coordinate was then chosen to have the next simplest possible functional form that transforms irreducibly under S N etc. In this way the complexity of the motions described by the symmetry coordinates was minimized, building up slowly as more symmetry coordinates of a given species were added as N increased, with no disruption of lower N symmetry coordinates. This method of determining the symmetry coordinate basis is not unique, but was chosen to minimize the complexity.
G. Symmetry Coordinates and Transformation Matrices
The five transformation matrices and the symmetry coordinates for five irreducible representations are:
and
where
where 1 ≤ i ≤ j − 2 and 4 ≤ j ≤ N and 1 ≤ m < n ≤ N . We define the Heaviside step function as:
H. Transformation to Normal Mode Coordinates
The invariance of Eq. (13) We applied the F G method using these symmetry coordinates to determine the eigenvalues, λ α =ω 2 α , frequencies,ω α and normal modes, q ′ of the system:
for the α = [N ] and [N − 1, 1] sectors, where
are the elements of the F G matrix of Eq. (17) 
is a one-component quantity. These quantities are defined generally in Ref. [20] Eqs. (28, 29, 126, 162, 163) and also specifically in Ref. [22] for three different confining and interparticle potentials. The normal coordinates are:
while the normalization constants c [α] are given by
The σ 
where 1 ≤ i ≤ j − 2 and 4 ≤ j ≤ N
III. MOTIONS ASSOCIATED WITH THE SYMMETRY COORDINATES
In this section, I analyze the motions of the five types of symmetry coordinates as expressed in Eqs. (19, 21, 23 -25) . For symmetry coordinates, there is no mixing of radial and angular motion, so the motion is either totally radial or totally angular. The symmetry coordinates transform irreducibly under S N and result in a block diagonal form for the H 0 matrix. When these blocks are diagonalized we obtain the normal coordinates which are the solutions to the first order equation. For the [N ] and [N − 1, 1] sectors which are found in both the radial and angular decompositions, there is mixing of these radial and angular symmetry coordinates in the normal modes. For the [N − 2, 2] sector, there is no radial part, only an angular part, so no mixing; the symmetry coordinates are the normal coordinates apart from a normalization constant.
The symmetry coordinates describe motion that is collective with the particles participating in synchronized motion, i.e. moving with the same frequency and phase. Since the symmetry coordinates, except for the [N − 2, 2] modes, are not solutions to the Hamiltonian at first order, they do not necessarily exhibit the motion of particles governed by the Hamiltonian. Their motions could be mixed significantly with another symmetry coordinate of the same species to form a normal coordinate, a solution to the Hamiltonian at first order. I will analyze the motion of the symmetry coordinates first and then use the knowledge of these motions to understand the normal coordinate behavior.
I am interested in the motion of individual particles as they participate in the collective synchronized motion of these symmetry coordinates. To determine the motion of an individual particle, I need to back transform from the known functional form of a particular symmetry coordinate to the scaled internal displacement coordinates,r ′ i and γ ′ ij and then transform from the scaled to the unscaled displacement coordinates to be able to visualize these displacements. Using Eq. (19) I can obtain the dimensionally scaledr ′ and γ ′ vectors by back transforming with the transpose of the W matrices. These dimensionally scaled variables can be transformed to the unscaled internal displacement coordinates usinḡ
The unscaled internal coordinates, r i and γ ij , allow one to determine the radial distance from the confinement center and the interparticle angle of each pair of particles using γ ij = cos θ ij and γ ∞ = cos θ ∞ , so θ ij = arccos γ ij and θ ∞ = arccos γ ∞ . Then r i − r ∞ and θ ij − θ ∞ give displacements from the maximally symmetric zeroth-order configuration (r ∞ , γ ∞ ) that are easy to visualize, connecting to our physical intuition and thus contributing to our understanding of how the motion of N particles becomes collective.
a. Motions Associated with Symmetry Coordinate S [N ]
r ′ . The simplest collective motion for a system of identical particles occurs when every particle executes the same motion with the same phase. r ′ in the unscaled internal displacement coordinates r ′ about the unscaled zeroth-order configuration r ∞ are given by:
The vector r ′ [N ] is a N × 1 vector of the unscaled radial displacement coordinates for all the particles participating in this collective motion. The motions of all the particles are thus identical in this symmetry coordinate S γ ′ in the unscaled internal displacement coordinates γ ′ about the zeroth-order configuration γ ∞ are given by
This vector γ ′ [N ] is a N (N − 1)/2 × 1 vector of the displacement contributions to the angle cosines for all the particles participating in this collective motion. The motions of all the particles are thus identical in this symmetry coordinate S ] 1 is an antisymmetric stretch about the zeroth-order configuration involving particles 1 and 2 . As ξ gets larger, the motion involves more particles, ξ + 1 particles, with the first ξ particles moving one way while the (ξ + 1) th particle moves the other way. As ξ increases, the character of the motion evolves from an antisymmetric stretch motion (a good molecular equivalent is an E mode of ammonia), to behavior that becomes more single-particle-like, i.e. a particle-hole excitation associated with radial motion, since the (ξ + 1) th radius vector in Eq. (39) is weighted by the quantity ξ . (I examine this dependence on the number of particles as N increases in more detail in Section V A.) (18) and (24), the motions associated with symmetry coordinates [S
d. Motions Associated with Symmetry Coordinates
The ] 1 is an antisymmetric bending about the zeroth-order configuration where the angle cosines γ
] 1 involves the motions of particles 1 and 2 moving with opposite phase to each other. As ξ gets larger, the angular motion involves more particles, ξ+1 particles, with the (ξ+1) th particle moving with opposite phase to the first ξ particles. Analogously to the radial sector of the [N −1, 1] species, as ξ increases the motion evolves from an antisymmetric stretch motion (cf. an E mode of ammonia), to behavior that becomes more single-particle-like, i.e. a particle-hole excitation due to angular displacement, since the angle cosines involving the (ξ + 1) th particle in Eq. (40) are weighted by the quantity ξ . (18) and (25), the motions of the unscaled internal displacement coordinates γ ′ about the unscaled zeroth-order configuration γ ∞ = γ ∞ 1 γ ′ associated with the symmetry coordinates [S
e. Motions Associated with Symmetry Coordinate
where 1 ≤ m < n ≤ N , and 1 ≤ i ≤ j − 2 and 4 ≤ j ≤ N . The above equation gives the angu-lar displacement (contribution to the angle cosine) of the m th and n th particles participating in the collective motion of the ij th symmetry coordinate in the
] ij only involves motions of the first j particles (Note i ≤ j − 2, and for the particle labels m, n > j the Heaviside and Kronecker delta functions are zero). Thus, the complexity of the functional form of [S 
where 1 ≤ ξ ≤ N − 1. Thus, depending on the value of the mixing angles, the normal modes, which are the solutions at first order of the Schrödinger equation will be a mixture of radial and angular behavior for the [N ] and [N − 1, 1] sectors. The [N − 2, 2] sector has only angular behavior as noted above and so does not mix with other symmetry coordinates. The value of the mixing angles, of course, depends on the Hamiltonian terms at this first perturbation order. Choosing various confining and interparticle potentials will result in different values for the mixing coefficients and different collective motion as dictated by the Hamiltonian. 
alternately open and close interparticle angles. These motions can be viewed at the following links: www.chemtube3d.com/vibrationsnh3/ and www.chemtube3d.com/vibrationsch4/ As N increases, these motions evolve in several ways. There are in fact three ways that an increase in N can affect the character of the normal modes.
A) As noted above in Section III a.-e., the analytic forms of the particle motion have explicit (36, 38 -41) that can affect the character of the motion of particles contributing to a particular symmetry coordinate and thus the normal coordinates. As more particles are added to the system, the behavior of these larger systems can become qualitatively quite different from few particle systems with low values of N , e.g. Although general observations can be made, all three of these effects ultimately depend on the particular Hamiltonian of the system. As a specific example, I will look at these effects using a recently studied Hamiltonian for a system of identical fermions in the unitary regime.
A. Explicit N dependence
In the analytic expressions for the particle motions contributing to the symmetry coordinates, Eqs. (36, 38 -41) For the angular motion in the [N ] sector, the symmetric bend motion of the interparticle angles for small N , (cf. the A 1 mode of ammonia) evolves into a center of mass motion as N increases. The particles undergo identical angular displacements that decrease in size as N increases resulting in motion where the whole ensemble "jiggles" in response to an excitation of the center of mass mode. These jiggles are caused by the particles moving past the trap center and then back keeping their radii constant while changing their interparticle angles compared to the zeroth order configuration. As expected, the frequency of this mode, as shown in Section V C, cleanly separates out for all values of N at exactly twice the trap frequency (The atoms move past the trap center twice in one cycle.), reflecting the fact the center of mass motion is independent of particle interactions. (40) weights the response of the ξ + 1st particle. For small values of N and thus small ξ (1 ≤ ξ ≤ N − 1), the motion of this last ξ + 1st particle, which has opposite direction to the first ξ particles, appears as a simple asymmetric stretch or bend. As N becomes large, and thus ξ can also approach large values, this motion acquires such a large displacement compared to the remaining particles that it is more appropriately characterized as a particle-hole excitation due to single particle radial or angular motion away from the other particles (ξ in number) participating in this collective motion. This change in character from asymmetric stretch (or bend) to single particle radial (or angular) excitation happens quite quickly as N and ξ increase with e.g. N = 10 and ξ = N − 1 = 9 showing obvious single particle behavior as the ξ + 1 st = 10 th particle moves with a radial displacement nine times larger than the other ξ particles and in the opposite direction. Note that the displacements of all ξ + 1 particles sum to zero (1 (particle) × a displacement of ξ = ξ particles × a displacement of 1) reflecting the fact that this motion is a rearrangement of the particles within the ensemble creating a hole, not the loss of a particle due to radial or angular motion. ) mn which includes a small factor of +2 since neither weighting factor in Eq. 41 contributes.
All the displacements for the particles m, n contributing to the motion of the i, j th symmetry coordinate include an identical factor of [S . Note also that all the displacements sum to zero: 1
, reflecting the fact that the particles are simply rearranging their positions within the confined angular space they occupy.
For very low values of N , these expressions yield behavior that is qualitatively analogous to the normal mode behavior seen in few-body molecular systems like ammonis or methane. For example, for N = 4, there is one dominant interparticle angle, four nearest neighbor interparticle angles, 2(N − 2) = 4, and a single interparticle angle of the third type, N (N − 1)/2 − 2(N − 2) − 1 = 1. The displacements of the dominant angle and the single angle of the third type are equal for this lowest value of N (the factor (N − 2)(N − 3) = 2 for N = 4) while the four nearest neighbor angles have a smaller displacement (with a factor of N − 3 = 1) similar to the behavior of an E mode of methane.
As N increases, the relative numbers of the three different interparticle angles change quickly with the third type of interparticle angle, which is not a nearest neighbor of the dominant angle and thus has a small response, quickly becoming the overwhelmingly largest number of interparticle angles. The first type always has a single dominant angle with the largest correction to the maximally symmetric zeroth-order configuration. The second type, which has a noticeable response to the opening or closing of the dominant angle, has 2(N −2) angles, a number that increases linearly with N , while the third type of angle which has a negligible response for N ≫ 1 has N (N − 1)/2 − 2(N − 2) − 1 interparticle angles which increases as N 2 /2, quickly becoming the greatest part of an ensemble of N particles that is undergoing this collective motion. For example, for N = 10 with N (N − 1)/2 = 45 interparticle angles, there is a single dominant angle, 16 angles that are nearest neighbors and 28 angles with a very small response in the third group. For N = 100, there are 4950 interparticle angles: one dominant angle, 196 nearest neighbor angles that show a noticeable response and 4753 angles that have a very small response.
Thus a picture emerges as N increases of compressional or phonon behavior for the motion in this [N − 2, 2] sector. These [N − 2, 2] modes involve oscillations in the angles that push the atoms together and pull them apart with no change in the particles' radial positions. This type of motion is best characterized as a compressional stationary wave i.e. a phonon oscillation. This is consistent with the very low frequency of this mode compared to the frequencies of the other four types of normal coordinates as will be shown in Section V C and the large zero-point energy as seen in Eq. (15).
Examples. The three types of interparticle angles have displacement values that also depend on the value of N , evolving from displacements that are roughly comparable for all three types of angles for low values of N , e.g. 4 ≤ N ≤ 6 to displacements that are quite different in magnitude differing by factors ∼ N and ∼ N 2 as N increases. Using the ratios of the different factors discussed above in the expressions for the angular displacements, the dominant angle has an angular displacement value of (N − 2)(N − 3) that is a factor of N − 2 times larger than the angular displacements of −(N − 3) of the nearest neighbor angles and is a factor of (N − 2)(N − 3)/2 times larger than the angular displacements of 2 for the third type of interparticle angle. As explicit examples, I will look at the ratios of the three types of displacements for two values of N : N = 4 and N = 10 and will again consider the motion of individual particles participating in the collective motion of the symmetry coordi-
] ij which has the highest values of i and j (i = N − 2, j = N ) and thus involves the motion of all N particles. For N = 4, the symmetry coordinate is expected to have behavior similar to an E mode of methane; and for N = 10, it will be seen that the behavior of this symmetry coordinate in the [N − 2, 2] sector has already evolved into compressional behavior.
For the lowest value of N = 4, the displacement of the dominant angle is twice (the factor N − 2 = 2) the displacement of the nearest neighbor angles and equal to the displacement (with factor (N − 2)(N − 3)/2 = 1) of the single angle in the third type. Thus, the dominant angle and the single angle of the third type have a contribution to the angle cosine that is twice as large as the four nearest neighbor angles. The interparticle angle θ 12 associated with particles 1 and 2 opens and closes by the same amount and in sync with the dominant angle θ 34 between particles 3 and 4. The nearest neighbor angles, θ 13 , θ 14 , θ 23 , θ 24 , open (and then close) by an amount that is roughly half as large in response to the closing (opening) of the dominant angle. (Since the value of γ ∞ is typically close to zero which is the value for mean field interactions, the angular displacements to the angle cosines roughly give the actual angles of these motions.) Thus, the four particles involved in the collective motion of the symmetry coordinate [S
] 24 perform a simultaneous opening and closing of two different interparticle angles, θ 34 and θ 12 similar to an E mode of methane with the neighboring angles making smaller adjustments.
A similar analysis for the case of N = 10 shows clearly that the motion of the particles participating in this symmetry coordinate has evolved from the methane picture of two interparticle angles opening and closing in sync, to behavior that looks much more like a compressional In particular, the type of confining potential and the particular interparticle interaction chosen will affect the N dependence of the normal modes' behavior. (Of course, the type of confining potential and interparticle interaction potential have effects on the character of the normal modes through the mixing coefficients (as well as the frequencies) apart from the N dependence that I am studying in this paper.)
In the case of the recently studied system of identical fermions in the unitary regime which has been intensely studied in the laboratory, the mixing coefficients for the [N ] sector have the following form: (42) in Ref. [22] in terms of the F and G elements and have explicit N dependence as well as N dependence from the F and G elements of Eq. 12 from the specific Hamiltonian. These F and G elements are defined in Ref. [22] for three different Hamiltonians in Eqs. (75, 76, 100, 101, 119, 120) and exhibit explicit N dependence that originates in the Hamiltonian terms at first order. Thus there are three layers of analytic expressions that can bring in N dependence: the expressions for cos θ Figs. (1-4) . In Fig. 1, I have plotted the square of the mixing coefficients, | cos θ •
▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
• |cosθ - character is > 90% radial and for N ≫ 1, the character becomes almost purely radial. 
where the quantities a, b, c, d, and λ
, as well as the F and G elements are defined as before.
In Fig. 3, I have plotted the square of the mixing coefficients for q is almost purely angular for N 10 after which there is a rather sudden crossing of character and then a gradual trend toward purely radial character. For Analytic expressions for the normal mode frequencies were derived in Ref. [22] using a method outlined in Appendices B and C of that paper which derives analytic formulas for the roots, λ µ , of the F G secular equation. The normal-mode vibrational frequencies,ω 2 µ , are related to the roots λ µ of FG by:
The two frequencies associated with the λ 0 roots of multiplicity one are of the form
where:
For the two N − 1 multiplicity roots, the frequencies are of the formω
where η 1 and ∆ 1 are given by:
The frequencyω 2 , associated with the root λ 2 of multiplicity N (N − 3)/2 is given by:
The quantities a, b, c, d, e, f, g, h, i are defined as before in Eq. (42) in Ref [22] in terms of the F and G elements and have explicit N dependence as well as N dependence from the F and G elements from a particular Hamiltonian. Thus the analytic expressions for the frequencies (like the mixing coefficients) have three layers of N dependence: explicit N dependence in the formulas for η 0 , ∆ 0 , η 1 and ∆ 1 in Eqs (53) and (55); explicit N dependence in the formulas for the quantities a, b, c, d, e, f, g, h, i, and finally the N dependence in the F and G elements from a specific Hamiltonian in these formulas.
In Figs. (5)- (7), I show the N dependence of the frequencies for the five types of normal modes for a Hamiltonian of an ensemble of identical fermions in the unitary regime.
In Fig. (5 − . The radial behavior is associated with a frequency that starts below the center of mass frequency for low N and then rises above the center of mass frequency as N increases. Note that the angular behavior is associated with a frequency that is exactly twice the trap frequency for all values of N revealing the separation of a center of mass coordinate. As analyzed in Section III, this angular motion in the [N ] sector looks like a symmetric bending motion for small values of N as seen in the A 1 mode of ammonia, but evolves into a rigid center of mass movement of the whole ensemble with the radial interparticle distances remaining rigidly constant as the entire ensemble moves relative to the center of the trap creating small displacements for the interparticle angles.
In Fig. (6) , the frequenciesω 1 + andω 1 − in the [N −1, 1] sector show behavior that starts out with both frequencies ∼ 1.3 times the trap frequency for low values of N . As N increases these two frequencies rapidly separate, one,ω 1 − , associated with angular behavior, going to the trap frequency and the other,ω 1 + , describing radial behavior, increasing slowly. In both these sectors, [N ] and [N − 1, 1], the radial frequency is higher than the corresponding angular frequency which is expected and is also seen for the small molecules like ammonia and methane that offer good molecular equivalents.
In Fig. (7) , the frequencyω 2 of the [N − 2, 2] sector shows behavior that starts out for low values of N at values near the trap frequency. As N increases this frequency rapidly decreases to extremely small values, several orders of magnitude smaller than the trap frequency consistent with the slow oscillations of a phonon mode.
Inspection of the sources of N dependence reveal that the frequencies shown in Figs. (5)-(7) , for a Hamiltoninan of identical fermions in the unitary regime show a complicated dependence on all three layers of N dependence. This result differs from the behavior of the mixing coefficients for the same Hamiltonian which showed behavior as a function of N that was dominated by the explicit N dependence in Eqs. (43) (44) (45) (46) and Eqs. (47-50) and was not as sensitive to the other sources of N from the specific Hamiltonian.
VI. SUMMARY AND FINAL THOUGHTS
In this study, I have looked in detail at both the macroscopic collective behavior and the microscopic contributions of individual particles to this behavior for the normal mode solutions to the symmetry-invariant perturbation first order equation in inverse dimensionality for a system of confined, interacting identical particles. These normal mode solutions were previously obtained analytically as a function of N and used to obtain accurate results for energies, frequencies, wave functions, and density profiles for systems of identical bosons [23, 24, 28, 29] and energies, frequencies [30] and thermodynamic quantities [19] for ultracold fermions in the as a function of N.
•
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• ω1+ ▲ ω1- unitary regime.
These solutions have been tested against an exactly solvable model problem of harmonically interacting particles under harmonic confinement [23] . Comparing this wave function to the exact analytic wave function obtained in an independent solution, exact agreement was found (to ten or more digits of accuracy), confirming this general theory for a fully interacting N -body system in three dimensions [23] and verifying the analytic expressions for this normal mode basis. We also tested this general, fully interacting wave function for bosons of Ref. [21] , exact through first order, by deriving a property, the density profile of the ground state, for the same model problem. Our density profile is indistinguishable from the D = 3 first-order result from the independent solution of this fully interacting, N-body problem [24] .
These earlier studies verifying the general formalism, did not focus on the physical character of this symmetry basis used to obtain the normal modes solutions. As mentioned earlier, our construction of the symmetry coordinates was done systematically as described in Ref. [21] so the symmetry coordinates which transform irreducibly under S N have the simplest functional forms possible. The first symmetry coordinate involves only two of the particles and each succeeding symmetry coordinate was chosen to have the next simplest functional form possible under the requirement that it transforms irreducibly under S N etc. With this choice the complexity of the motions described by the symmetry coordinates was kept to a minimum, building up incrementally as additional particles were involved in the motion, ensuring that there was no disruption of lower N symmetry coordinates. This process was chosen primarily to simplify the mathematical complexity of this basis. Other choices would have resulted in different mathematical functions that still comprised a basis for the normal mode solutions in each sector. Note that the symmetry coordinates depend only on the symmetry structure of the Hamiltonian, not on specific details of the interparticle potential, unlike the normal mode coordinates which depend on the specific details of the potentials involved. Our initial studies using these symmetry coordinates were focused on ground states of systems of ultracold bosons [28, 29] and later fermions [30] The first use of excited states using this many-body formalism was in a recent paper studying thermodynamic quantities for identical fermions in the unitary regime. Constructing the partition function in this study required the use of a large number of excited states from the normal mode spectrum (which has an infinite number of equally spaced states). These states are chosen specifically to comply with the enforcement of the Pauli principle, thus connecting the Pauli principle to many-body interaction dynamics through the normal modes. The success of this study in obtaining thermodynamic quantities for the energy, entropy and heat capacity that agree quite well with experimental data has increased the interest in investigating the physical character of these states since they offer the possibility of acquiring physical intuition into the dynamics of the collective motion supported by this unitary regime. In particular, the phonon character of the normal modes with the lowest frequency and the radial (or angular) excitation of a single particle out of this mode, i.e. a particle-hole excitation, present a picture of the dynamics that leads to a gapped spectrum and collective behavior in the form of superfluidity. With this motivation, I have investigated closely both the macroscopic behavior of each of the five types of normal modes and the microscopic contributions of each particle to this collective behavior, studying the evolution of collective motion as the number of particles increases.
Summary. In summary, my analysis has shown a consistent picture of behavior evolving smoothly and rapidly from the low N systems that have good molecular equivalents, as seen in the behavior of ammonia and methane to very different character for the collective motion of larger N systems. A number of observations have been made from this analysis that may prove useful in understanding the contribution of particle behavior to the emerging collective behavior of an ensemble. I list them below:
1) The analytic expressions for the normal modes produce behavior for small N that is analogous to the known behavior of small molecular systems such as ammonia and methane whose atoms move under Coulombic confinement.
2) As N increases, the behavior of these same analytic functions rapidly changes character, with the exception of the symmetric stretch/breathing motion (part i) below.
i) In the [N ] sector, the breathing motion of the radial [N ] mode retains this character as N increases with the symmetric radial displacements simply decreasing in amplitude.
ii) The angular mode in the [N ] sector evolves from a symmetric bending character for small N to a center of mass motion for large N . This change in character occurs for fairly small N . For example, for N = 10, the motion would be viewed more appropriately as a center of mass rigid motion of the N (N − 1)/2 = 45 interparticle angles making identical small adjustments, rather than viewed as a symmetric bending motion.
iii) and iv) The asymmetric stretch and asymmetric bending character of the normal modes in the [N − 1, 1] sector for low N evolves smoothly into radial and angular single particle excitations, i.e. particle-hole excitations. Again, this happens quickly as N increases. By N = 10, the 10 th particle participating in the motion of the symmetry coordinate [S
] ξ=9 has a displacement that is nine times the displacements of the other particles resulting in behavior that is viewed more appropriately as a radial or angular excitation. v) Similarly, the bending modes of the small N systems in the [N − 2, 2] sector quickly and smoothly evolve into compressional or phonon behavior as N increases.
Interestingly, this change in character from small N to large N is dictated by fairly simple analytic forms that create the evolution in character for the symmetry coordinates. Inspecting the forms of the microscopic motions of the individual particles for the different sectors: [N ] , [N − 1, 1], and [N − 2, 2] (See Eqs. (36, 38, (39) (40) (41) , the relevant N dependence in the [N ] sector is just in a normalization factor creating a decrease in amplitude as N increases for these symmetric motions. However in the [N − 1, 1] and [N − 2, 2] sectors, the functional N dependence is more involved. Ignoring the leading common factors including a normalization factor, the N dependence is determined by an intricate balancing of Kronecker delta functions and Heaviside functions that give zero or unity depending on the value of their indices which involve integers referring to specific particles. This intricate accounting of 1 ′ s and 0 ′ s determines the motion of the N particles of this normal mode for both small N and large N . Not surprisingly, the character depends on knowing the interplay of all the individual particles one by one, whose contributions are kept track of perfectly by the Kronecker delta and Heaviside functions.
3) The behavior of the normal modes which have a mixture of the radial and angular symmetry coordinates For some intermediate values of N there is a region where the normal coordinates show significant mixing of the radial and angular symmetry coordinates making the behavior more difficult to characterize. In some cases, when the crossing is very sharp, this region is quite small, while other cases show a broader evolution of character from radial to angular or angular to radial. For large N , the normal modes evolve into purely radial or purely angular behavior in the case of identical, confined fermions in the unitary regime. This means that the analytically derived symmetry coordinates are eigenfunctions of this first order perturbation equation. When the Hamiltonian is transformed into block diagonal form by the symmetry coordinates, the off diagonal elements are negligible in these regimes.
This result has implications for the stability of collective behavior in this regime since the symmetric coordinates are eigenfunctions of an approximate underlying Hamiltonian and thus have some degree of stabiltiy unless the sytem is perturbed. e.g. by an increase in temperature etc.
Although the construction of the symmetry coordinates was chosen to minimize the mathematical complexity and is not a unique basis of coordinates, the symmetry coordinates clearly contain information about the dynamics of this many-body problem of identical particles. Regardless of the strategy of their construction, they are, by definition and by construction, coordinates that transform under the irreducible representations of the symmetric group of N identical objects so the Hamiltonian of this first order equation which is invariant under the N ! symmetry operations of the symmetric group is transformed to block diagonal form when expressed in this basis. In this case, the blocks are small, 2 × 2, in the [N ] This Hamiltonian term in the first order perturbation equation contains beyond-mean-field effects. Thus the normal coordinates whose frequencies and mixing coefficients depend on the interparticle interactions are, in fact, beyond-mean-field analytic solutions to a manybody Hamiltonian through first order. and [N − 2, 2] sectors will have evolved into the "large N " collective behavior as described above. For example, for N = 10, over 80 % of the degenerate symmetry coordinates in the [N − 1, 1] sectors have evolved into motion that is more appropriately described as single particle radial excitation or single particle angular excitation behavior rather than an antisymmetric stretching or bending motion. For N = 100, over 90% of these degenerate symmetry coordinates have evolved into "large N " collective behavior. Similarly in the [N − 2, 2] sector, for N = 10, over 80% of the N (N − 3)/2 degenerate symmetry coordinates have evolved into "large N " collective behavior with a single dominant interparticle angle and significantly smaller responses from the remaining interparticle angles. For N = 100, the percentage is over 90% and by N = 1000, over 99% of the degenerate symmetry coordinates in this sector have "large N" collective behavior.
Conclusions. This investigation into the evolution of collective behavior as a function of N suggests that this type of collective behavior defined by the normal modes of the system smoothly and quickly evolves from the well-known vibrational motions of small N systems that have been characterized as symmetric breathing and bending, asymmetric stretching and bending and the simultaneous opening and closing of interparticle angles, to the "large N " collective behavior that is more appropriately described as breathing, center of mass, radial and angular particle-hole excitations and phonon. Thus, the analysis of behavior for these five analytic expressions for the normal mode solutions for a confined system of N identical particles yields consistent, physically intuitive behaviors that have been observed in the laboratory. The transition to "large N " collective behavior happens at very low values of N e.g. N = 10, which is consistent with the good agreement obtained in previous few-body studies for thermodynamic quantities [41] [42] [43] [44] [45] [46] [47] [48] .
What are the dynamics that can drive one of these collective behaviors to become the dominant behavior of a system with competing behaviors, collective or not, suppressed? My analysis of the N dependence of the symmetry coordinates for a Hamiltonian that is known to support collective behavior in the form of superfluidity at ultracold temperatures in the unitary regime has revealed two phenomena that have the potential to support the creation and stabilization of collective behavior. First the mixing of radial and angular behavior in the normal modes is seen to limit to pure radial or pure angular behavior for very large N resulting in symmetry coordinates that are eigenfunctions of an approximate Hamiltonian governing the physics of the unitary regime, thus acquiring some amount of stability if unperturbed. Second, from Figs. (5)- (7), one can see that for low values of N the five different frequencies start out closer in value, but as N increases these five frequencies spread out creating large gaps between the values of these five frequencies. These gaps could provide the stability for collective behavior if mechanisms to prevent the transfer of energy to other modes exist (such as low temperatures) or can be constructed.
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I would like to thank the National Science Foundation for financial support under Grant No. PHY-1607544. [36] where the notation j νj means a cycle of length j and ν j equals the number of cycles of length j in that permutation. In the case of the permutation of Eq. (A2), its cycle structure is (1 1 , 2 2 , 3 1 ). A matrix representation of a group is a set of nonsingular matrices, including the unit matrix, which has the same composition law as the elements of the group. The character of an element of an matrix representation of a group is the trace of the matrix. The character, as the trace of a matrix, is invariant under a similarity transformation and thus elements of equivalent representations have the same character. The set of all the distinct characters of the elements of an irreducible representation of the group uniquely specify the irreducible representation up to an equivalence transformation. The characters of irreducible representations of a group are termed simple characters. All elements of a group which are related by a similarity transformation are said to belong to the same class. The character of the elements of a group belonging to a particular class all have the same character. Thus there are as many distinct characters for a group as there are classes.
For the group S N all elements with the same cycle structure belong to the same class and so all elements of a matrix representation of S N with the same cycle structure have the same character.
A reducible matrix representation of a group may be bought to block diagonal form by a similarity transformation, where the individual blocks are irreducible matrix representations of the same group with lower dimensionality. Thus the characters, χ(R), of a reducible group are the sums of the characters of the irreducible matrix representations into which it can be decomposed, i.e.
χ(R)
where R denotes the element of the group, p labels all of the irreducible blocks into which the reducible matrix representation of the group may be decomposed and χ p (R) is the character of the irreducible representation of the block labelled by p. Now in a particular reducible representation a given irreducible representation may be repeated along the diagonal a α times and so Eq. (A3) may be rewritten as
The decomposition of χ(R) of Eq. (A4) into simple characters χ α (R) is unique, i.e. there is not another decomposition of the form
where at least one of the b α is different from the corresponding a α . This follows from the fact that quite gen-
and that the simple characters satisfy the orthogonality condition
where h is the number of elements in the group. For Eqs. (A5), (A6) and (A7) to be consistent we must have
The irreducible matrix representations of S N may be labelled by a Young diagram ( = Young pattern = Young shape). A Young diagram is a is a set of N adjacent squares such that the row below a given row of squares is equal to or shorter in length. The set of all Young diagrams that can be formed from N boxes of all possible irreducible matrix representations of S N .
A given Young diagram may be denoted by a partition. A partition, [λ 1 , λ 2 , λ 3 , . . . , λ N ] is a series of N numbers λ i such that λ 1 ≥ λ 2 ≥ λ 3 ≥ . . . ≥ λ N such that λ 1 + λ 2 + λ 3 + · · · + λ N = N . The number λ i is the number of boxes in row i of the Young diagram. Thus the set of all possible partitions of length N labels all of the possible irreducible matrix representations of S N and so the irreducible representation labels α and β in Eqs. (A4), (A5), (A6), (A7) and (A8) above, for the group S N may be taken to run over the set of all possible partitions.
A Young diagram can have up to N rows. For an Nrow (one-column) Young diagram all of the λ i s are non zero. However only one Young diagram will have N row; all of the rest will have less than N rows. Thus in all but one case the last few λ i s will be zero. It is standard practice to drop the zeros and use a partition with less than N numbers. Thus the partition [3, 0, 0] labelling an irreducible representation of S 3 is usually abbreviated to just [3] . In this Appendix we use the W
[N ]
X ′ matrices (X ′ = r ′ or γ ′ ) to calculate the G and F G matrix elements in the symmetry-coordinate basis, [σ 
where Q = G or FG and ξ is a row label. These elements are used to obtain the mixing angles in Eq. (32), the normal mode frequencies in Eqs. (27) and (28), and the normalization coefficients in Eqs. (33) and (34 
where G is an N (N + 1)/2 × N (N + 1)/2 matrix in the internal displacement coordinates, I N is an N × N identity matrix, I M is an M × M identity matrix with M = N (N − 1)/2, R is an N × M matrix such that R i,jk = δ ij + δ ik , andg ′ andh ′ are defined in Ref. [20] in Eq. (29), we find:
[σ
[σ Thus we obtain: γ ′ . Similarly letting Q = F G and again using Eq.(28) in Ref. [20] :
whereã,b,c,d,ẽ,f ,g,h, andĩota are defined in Ref. [20] Eq. 29, we can derive:
[σ 
